We investigate and compute spectral sums of the Wilson lattice Dirac operator for quenched SU (3) gauge theory. It is demonstrated that there exist sums which serve as order parameters for the confinement-deconfinement phase transition and get their main contribution from the IR end of the spectrum. They are approximately proportional to the Polyakov loop. In contrast to earlier studied spectral sums some of them are expected to have a well-defined continuum limit.
I. INTRODUCTION
Confinement and chiral symmetry breaking are prominent features of strongly coupled gauge theories. If the gauge group contains a non-trivial center Z, then the traced Polyakov loop [1, 2] L Ü = tr c P Ü , P Ü = Nt τ =1 U 0 (τ, Ü )
(1) serves as an order parameter for confinement in pure gauge theories or (supersymmetric) gauge theories with matter in the adjoint representation. The dynamics of L Ü near the phase transition point is effectively described by generalized Potts models [3, 4] . Here we consider the space-independent expectation values L Ü only and thus may replace L Ü by its spatial average
The expectation value L is zero in the center-symmetric confining phase and non-zero in the center-asymmetric deconfining phase. Chiral symmetry breaking, on the other hand, is related to an unusual distribution of the low lying eigenvalues of the Euclidean Dirac operator D [5] . In the chirally broken lowtemperature phase the typical distribution is dramatically different from that of the free Dirac operator since a typical level density ρ(λ) for the eigenvalues per volume does not vanish for λ → 0. Indeed, according to the celebrated Banks-Casher relation [6] , the mean density in the infrared is proportional to the quark condensate,
Which class of gauge field configurations gives rise to this unusual spectral behavior has not been fully clarified. It may be a liquid of instanton-type configuration [7] . Simulations of finite temperature SU (3) gauge theory without dynamical quarks reveal a first order confinement-deconfinement phase transition at 260 MeV. At the same temperature the chiral condensate vanishes. This indicates that chiral symmetry breaking and confinement are most likely two sides of a coin ( [8] , for a review see e.g. [9] ).
Although it is commonly believed that confinement and chiral symmetry breaking are deeply related, no analytical evidence of such a link existed up to a recent observation by Christof Gattringer [10] . His formula holds for lattice regulated gauge theories and is most simply stated for Dirac operators with nearest neighbor interactions. Here we consider fermions with ultra-local and (1 + γ µ )U −µ (x)δ y,x−eµ
where U ±µ (x) denotes the parallel transporter from site x to its neighboring site x ± e µ such that U −µ (x + e µ )U µ (x) = ½ holds true. Since we are interested in the finite temperature behavior we choose an asymmetric lattice with N t sites in the temporal direction and N s ≫ N t sites in each of the d − 1 spatial directions. We impose periodic boundary conditions in all directions. The
eigenvalues of the Dirac operator in a background field {U µ (x)} are denoted by λ p . The non-real ones occur in complex conjugated pairs since D is γ 5 -hermitian. If N t and N s are both even, then λ p → 2(d+m)−λ p is a further symmetry of the spectrum. Following [10, 11] we twist the gauge field configuration with a center element as follows (see Fig. 1 ): All temporal link variables U 0 (τ, Ü ) at a fixed time τ are multiplied with an element z in the center Z of the gauge group. The twisted configuration is denoted by { z U }. The Wilson loops W C for all contractable loops C are invariant under this twisting whereas the Polyakov loops P Ü pick up the center element,
The Dirac-eigenvalues for the twisted configuration are denoted by z λ p . The remarkable and simple identity in [10, 11] relates the traced Polyakov loop L to a particular spectral sum, The first sum extends over the elements z 1 , z 2 , . . . in the center Z containing the group identity e for which e λ p = λ p . The second sum contains the N t 'th power of all eigenvalues of the Dirac operator z k D with twisted gauge fields
We stress that the formula (8) holds whenever the gauge group admits a non-trivial center. In [10] it was proved for SU (N c ) with center Z(N c ) and
In [11] the Dirac operator for staggered fermions and gauge group SU (3) was investigated and a formula similar to (8) was derived. Note that (8) is not applicable to the gauge groups G 2 , F 4 and E 8 with trivial centers.
For completeness we sketch the proof given in [10] , slightly generalized to incorporate all gauge groups with non-trivial centers. The Wilson-Dirac operator contains hopping terms between nearest neighbors on the lattice. A hop from site x to its neighboring site x ± e µ is accompanied by the factor − 1 2 (1 ∓ γ µ )U µ (x) and staying at x is accompanied by the factor m + d. Taking the ℓ ′ th power of D, the single hops combine to chains of ℓ or less hops on the lattice. In particular the trace tr D ℓ is described by loops with at most ℓ hops. Each loop C contributes a term proportional to the Wilson loop W C .
On an asymmetric lattice with N t < N s all loops with length < N t are contractable and since the corresponding Wilson loops W C do not change under twisting one concludes
For any matrix group with non-trivial Z the center elements sum to zero, z k = 0, such that
For ℓ = N t only the Polyakov loops winding once around the periodic time direction are not contractable. Under a twist by {U } → { z U } they are multiplied by z, see (6) . With kz k z k = |Z| we end up with the result (8) which generalizes Gattringer formula to arbitrary gauge groups with nontrivial center. What happens for ℓ > N t in (10) will be discussed below.
In [11] the average shift of the eigenvalues when one twists the configurations has been calculated. It was observed that above T c the shift is greater than below T c and that the eigenvalues in the infrared are more shifted than those in the ultraviolet. But the low lying eigenvalues are relatively suppressed in the sum (7) such that the main contribution comes from large eigenvalues. Indeed, if one considers the partial sums
where the eigenvalues are ordered according to their absolute values, then on a 6 3 × 4-lattice 70% of all eigenvalues must be included in (11) to obtain a reasonable approximation to the traced Polyakov loop [11] . Actually, if one includes fewer eigenvalues then the partial sums have a phase shift of π relative to the traced Polyakov loop. For large N t the contribution from the ultraviolet part of the spectrum dominates the sum (7) . Thus it is difficult to see how the nice lattice result (8) could be of any relevance for continuum physics.
The paper is organized as follows: In the next section we introduce flat connections with zero curvature but nontrivial Polyakov loops. The corresponding eigenvalues of the Wilson-Dirac operator are determined and spectral sums with support in the infrared of the spectrum are defined and computed. The results are useful since they are in qualitative agreement with the corresponding results of Monte-Carlo simulations. In section III we recall the construction of the real order parameter L rot related to the Polyakov loop [4] . Its Monte-Carlo averages are compared with the averages of the partial sums (11) . Our results for Wilson-Dirac fermions are in qualitative agreement with the corresponding results for staggered fermions in [11] . In section IV we discuss spectral sums for inverse powers of the eigenvalues. Their MonteCarlo averages are proportional to L rot such that they are useful order parameters for the center symmetry. We show that these order parameters are supported by the eigenvalues from the infrared end of the spectrum. Section V contains similar results for exponential spectral sums. Again we find a linear or quadratic relation between their Monte-Carlo averages and L rot . It suffices to include only a small number of infrared eigenvalues in these sums to obtain efficient order parameters. We hope that the simple relations between the infrared-supported spectral sums considered here and the expectation value L rot are of use in the continuum limit.
II. FLAT CONNECTIONS
We checked our numerical algorithms against the analytical results for curvature-free gauge field configurations with non-trivial Polyakov loop. For these simple configurations the spatial link variables are trivial and the temporal link variables are space-independent,
The Wilson loops W C of all contractable C are trivial which shows that these configurations are curvature-free. We call them flat connections. With the gauge transformation
(13) all link-variables of a flat connection are transformed into the group-identity. But the transformed fermion fields are not periodic in time anymore,
is just the constant Polyakov loop. Since the transformed Dirac operator is the free operator, its eigenfunctions are plane waves,
These are eigenmodes of the free Wilson-Dirac operator with eigenvalues {λ p } = {λ ± p }, where
(16) They are periodic in the space directions provided the spatial momenta are from
Denoting the eigenvalues of the Polyakov loop by e 2πiϕ1 , . . . , e 2πiϕN c , the periodicity conditions (14) imply
Thus the eigenvalues of the Wilson-Dirac operator with a flat connection are given in (16) 
The spatial components of the momenta are still given by (17), but their temporal component is shifted by an amount proportional to k,
(20) In the following we consider flat SU (3)-connections with Polyakov loops
For these fields the temporal component of the momentum takes values from
We have calculated the spectral sums
for vanishing mass. For flat connections the sums with powers ℓ between N t and 2N t are strictly proportional to the traced Polyakov loop,
Gattringers result implies C Nt = 1. The next two coefficients are related to the number of loops of length N t + 1 and N t + 2 winding once around the periodic time direction. One finds
More generally, the relation z k z ℓ k = 0 for ℓ / ∈ 3Z + 1 implies that the spectral sums (23) are linear combinations of the traces tr P 3n+1 (θ) for sufficiently small values of |3n+1|,
In Fig. 2 we depicted the sums Σ (ℓ) on a 4 × 12 3 lattice, divided by the traced Polyakov loop and normalized to one for θ = 0 for the flat connections and the powers ℓ = N t , 3N t and 3.6N t . Note that the power ℓ in (23) need not be an integer. We have argued that the sum Σ (ℓ) must be a linear combination of tr P and tr P −2 for ℓ between 2N t and 4N t . Actually, up to ℓ ≈ 3N t the sum is well approximated by a multiple of tr P. This is explained by the fact that for a given ℓ there are much more fat loops winding once around the periodic time direction and contributing with tr P than there are thin long loops winding many times around and contributing with tr P −2 , tr P 4 , tr P −5 , . . . . We shall see that similar results apply to the expectation values of Σ (ℓ) in Monte-Carlo generated ensembles of gauge fields.
Since the eigenvalues in the infrared are mostly affected by the twisting [11] we could as well choose a spectral sum for which the ultraviolet end of the spectrum is suppressed. Since Σ (ℓ) with ℓ ≤ 3N t is almost proportional to the traced Polyakov loop there exist many such spectral sums. They define order parameters for the center symmetry and may possess a well-defined continuum limit. For example, the exponential sums
are all proportional to the traced Polyakov loop for a factor ℓ in the exponent between 0.1 and 2. In Fig. 3 When we use Monte-Carlo generated configurations to calculate the expectation values of L and E (ℓ) we shall choose ℓ = 1. For this choice the mean exponential sum will be proportional to the mean L. Later we shall argue why this is the case.
III. DISTRIBUTION OF DIRAC EIGENVALUES FOR SU(3)
We have undertaken extended numerical studies of the eigenvalue distributions and various spectral sums for the Wilson-Dirac operator in SU (3) lattice gauge theory. First we summarize our results on the partial traces
(27)
t one finds the partial sums Σ n in (11). These have been extensively studied for staggered fermions in [11] . According to the result (7) the object Σ dim(D) is just the traced Polyakov loop.
We did simulations on lattices with sizes up to 8 configuration have been generated and analyzed. For our relatively small lattices the two order parameters change gradually from the symmetric confined to the broken deconfined phase. Table I contains the order parameters for 11 Wilson couplings. For every independent configuration we calculated the dim(D) = 2304 eigenvalues of the Wilson-Dirac operator. Then we averaged the absolute values of the partial traces Σ n for every β in Table I . In Fig. 5 the ratios
are plotted for these β as function of the percentage of eigenvalues considered in the partial traces. To retain information on the phase of the partial traces and Polyakov loop we used the invariant order parameter constructed in [4] . Recall that the domain for the traced Polyakov loop is the triangle shown in Fig. 6 . The three elements in the center of SU (3) correspond to the corners of the triangle. We divide the domain into the six distinct parts in Fig. 6 . The light-shaded region represents the preferred location of the traced Polyakov loop L in the deconfined (ferromagnetic) phase, whereas the dark-shaded region corresponds to the hy- pothetical anti-center ferromagnetic phase [12] . In the deconfined phase L points in the direction of a center element whereas it points in the opposite direction in the anti-center phase. To eliminate the superfluous center-symmetry we identify the regions as indicated by the arrows in Fig. 6 . This way we end up with a fundamental domain F for the centersymmetry along the real axis. Every L is mapped into F by a center transformation. To finally obtain a real observable we rotate the transformed L inside F onto the real axis. The result is the variable L rot whose sign clearly distinguishes between the different phases. L rot is negative in the anti-center phase, positive in the deconfined phase and zero in the confined symmetric phase. The object L rot is a useful order parameter for the confinement-deconfinement phase transition in gluodynamics [4] .
We performed the same construction with the partial sums Σ n and calculated the ratios for the corresponding MonteCarlo averages
for every β in Table I versal behavior in the deconfined phase with modulus of the traced Polyakov loop larger than approximately 0.4. If we include less than 90% of the eigenvalues, then the partial sums Σ n have a phase shift of π in comparison with Σ = Σ dim(D) . The last dip in Fig. 5 is due to this phase shift and indicates the transition through zero that occurs when Σ n changes sign. The same shift and dip has been reported for staggered fermions on a 6 3 ×4 lattice in [11] . For staggered fermions Σ n and Σ are in phase for n ≥ 0.65 · dim(D). For Wilson-Dirac fermions this happens only for n ≥ 0.9 · dim(D).
A. Finite spatial size scaling of partial sums
We fixed the coupling at β = 5.5 and simulated in the deconfined phase on N We observe that to a high precision Σ 
B. Partial traces Σ (ℓ) n
The truncated eigenvalue sums (27) with different powers ℓ of the eigenvalues show an universal behavior that is nearly independent of the lattice size. The main reason for this universality and in particular the sign of Σ (ℓ) n is found in the response of the low-lying eigenvalues to twisting the gauge field. It has been observed that for non-periodic boundary conditions (which are gauge-equivalent to twisting the gauge field) the low lying eigenvalues are on the average further away from the origin as compared to periodic boundary conditions (or untwisted gauge fields) [13] [14] [15] [16] . This statement is very clear for massless staggered fermions with eigenvalues on the imaginary axis. For example, the partial traces
Inserting this Neumann series into Σ (−1) in (31) and keeping the leading term only yields For massless fermions on a 4 3 × 3 lattice the crude approximation (28) leads to a slope −0.003906. This is not far off the slope −0.00545 extracted from the Monte-Carlo data.
We have repeated our calculations for the spectral sum Σ (−2),rot . The corresponding results for the expectation values in Fig. 12 show again a linear relation between the expectation values of this spectral sum and the traced Polyakov loop. This time a linear fit yields
V. EXPONENTIAL SPECTRAL SUMS
After the convincing results for sums of inverse powers of the eigenvalues we analyze the partial exponential spectral 
In particular the last expression is used in a heat kernel regularization of the fermionic determinant. κG has a wellbehaved continuum limit if we enclose the system in a box with finite volume. We computed the partial sums G n for the flat connections and various values of the traced Polyakov loop. In Fig. 13 we plotted those sums for which 10% or less of the low lying eigenvalues have been included. Similarly as for the sums of negative powers of the eigenvalues we conjecture that the Gaussian sums G n are good candidates for an order parameter in the infrared.
The expectation values of the partial sums E rot n and G rot n for Monte-Carlo generated configurations at four Wilson couplings are plotted in Figs. 14 and 15. As expected from our studies of flat connections, the Gaussian sums are perfect order parameters for the center symmetry. They are superior to the other spectral sums considered in this paper, since their support is even further at the infrared end of the spectrum. Fig. 16 shows the expectation values G rot n with only 4.5% or less of the infrared-modes included. The result is again in qualitative agreement with that for flat connections in Fig. 13 , although in the Monte-Carlo data the dips are washed out. 
is as good as for the spectral sum Σ (−1) . To estimate the slope and in particular its dependence on the lattice size we expand the exponentials in E n which results in
Since Σ (ℓ) is proportional to the traced Polyakov loop for ℓ ≤ 3N t we conclude that E = E dim(D) should be proportional to L. We can estimate the proportionality factor as follows: in the Wilson loop expansion of tr D 
such loops contributing. Actually, for p ≥ N t there are loops winding several times around the time direction. But these have relatively small entropy and do not contribute much. Hence, with (39) we arrive at the estimate
In 4 dimensions and for m = 0 we obtain the approximate linear relation rately described by a quadratic function,
and this relation is very precise. Since in addition G rot n ≈ G rot already for small n we can reconstruct the order parameter L rot from the low lying eigenvalues of the Wilson-Dirac operator. 
Scaling with Nt
On page 6 we discussed the finite (spatial) size scaling of the MC expectation values Σ rot n . We showed that they converge rapidly to their infinite-N s limit, see Fig. 8 . Here we study how the Gaussian sums G n depend on the temporal extend of the lattice. To that end we performed simulations on larger lattices with fixed N s = 6, variable N t = 2, 3, 4, 5 and Wilson coupling β = 6.5. We calculated the ratios
where we multiplied with the extensive factor κ in (7) since in the partial sums
only a tiny fraction of the 5184 to 12 960 eigenvalues have been included. The order parameter L rot for the lattices with N t = 2, 3, 4, 5 is 1.9474, 1.40194, 0.932245, 0.523142. In Fig. 19 we plotted the ratiosR rot n for n from 1 up to 100. Note that on the 6 3 × 5-lattice n = 100 means less than 0.8% of all 12 960 eigenvalues. This figure very much supports our earlier statements about the quality of the order parameters G rot n or G rot n .
VI. CONCLUSIONS
In this paper we studied spectral sums of the type
where { z k λ p } is the set of eigenvalues of the Wilson-Dirac operator with twisted gauge field. Summing over all dim(D) eigenvalues the sums over p become traces such that
For f (λ) = λ Nt one finds the spectral sum Σ which reproduces the traced Polyakov loop [10] . Unfortunately this lattice-result is probably of no use in the continuum limit. Thus we have used functions f (λ) which vanish for large (absolute) values of λ. The corresponding sums are order parameters which get their main contribution from the infrared end of the spectrum. Of all spectral sums considered here, the Gaussian sums G n in (37) define the most efficient order parameters. Besides the G n the spectral sums of inverse powers of eigenvalues are quite useful as well. This observation may be of interest since these sums relate to the Banks-Casher relation.
It remains to investigate the continuum limits of the spectral sums considered in this paper. The properly normalized G n should have a well-behaved continuum limit. With regard to the conjectured relation between confinement and chiral symmetry breaking it would be more interesting to see whether the suitably normalized sums Σ (−1) or/and Σ (−2) can be defined in the continuum theory. Clearly, the answer to this interesting question depends on the dimension of spacetime.
